The Heun function generalizes all well-known special functions such as Spheroidal Wave, Lame, Mathieu, and hypergeometric 2 F 1 , 1 F 1 and 0 F 1 functions. Heun functions are applicable to diverse areas such as theory of black holes, lattice systems in statistical mechanics, solution of the Schrödinger equation of quantum mechanics, and addition of three quantum spins.
Introduction
The recurrence relation without a differential equation dates back to Fibonacci who lived around 1200s. If the birth of modern calculus is attributed to Newton & Leibniz, then the recurrence relation with a differential equation should also date with the birth of calculus, 350 years ago.
By using the Frobenius method and putting the power series expansion into linear differential equations, the recursive relation of coefficients starts to appear. There can be between two and infinity number of coefficients in the recurrence relation in the power series expansion. During this time, physical phenomena were described using two term recursion relation in the linear ordinary differential equation. More than three terms have been neglected because of its mathematical complexity.
In 1889, K. Heun worked on the second ordinary differential equation which has four regular singular points. The solution was a form of a power series that can be expressed as three term recurrence. Later, the Heun function became a general function of all well-known special functions: Mathieu, Lame and Coulomb spheroidal functions. The coefficients in a power series expansions of Heun equation have a relation between three different coefficients. In contrast, most of well-known special functions consist of two term recursion relation (Hypergeometric, Bessel, Legendre, Kummer functions, etc).
Due to its complexity the Heun function was neglected for almost 100 years. Recently, the Heun function started to appear in theoretical modern physics, in general relativity, in wave propagation on a background Schwarzschild black hole [1] , in wave equations in curved spaces [2] and in the Schrödinger equation with anharmonic potential. The Heun function also appears in Kerr-Newman-de Sitter Geometry for massless fields with spin 0 and 1 2 . The angular and radial Teukolsky equations eventually transform into the Heun function [3, 4] In this paper I will construct the power series expansion of Heun function in closed forms analytically with the three-term recurrence formula [5] . Heun's equation is a second-order linear ordinary differential equation of the form [6, 9] 
With the condition ǫ = α + β − γ − δ + 1. The parameters play different roles: a 0 is the singularity parameter, α, β, γ, δ, ǫ are exponent parameters, q is the accessory parameter. Also, α and β are identical to each other. The total number of free parameters is six. It has four regular singular points which are 0, 1, a and ∞ with exponents {0, 1 − γ}, {0, 1 − δ}, {0, 1 − ǫ} and {α, β}. Assume that its solution is
where
We have two indicial roots which are λ 1 = 0 and λ 2 = 1 − γ 2
Power series

Polynomial in which makes B n term terminated
In Ref. [5] , the general expression of power series of y(x) for polynomial of x which makes B n term terminated is
For a polynomial, we need a condition, which is
In this paper the Pochhammer symbol (x) n is used to represent the rising factorial:
Γ(x) . In the above, β i is an eigenvalue that makes B n term terminated at certain value of n. (6) makes each y i (x) where i = 0, 1, 2, · · · as the polynomial in (5). (6) and put them in (5) . After the replacement process, the general expression of power series of y(x) for polynomial in which B n term is terminated is
and
Put c 0 = 1 as λ=0 and c 0 = a
. Then, we obtain two independent solutions of Heun equation. The solution is as follows.
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For the special case, as a = −1 in (10) and (11), we have
And, 
The case of
. If α i ≤ β i , then index i j will terminate at the value of α i where i, j = 0, 1, 2, · · · in (7). But, if α i > β i , then index i j will terminate at the value of β i . Put β = −2β i − i − λ where i = 0, 1, 2, · · · in (7):
6 Put c 0 = 1 as λ=0 and c 0 = a
(1−γ) as λ = 1 − γ in (13) . Then, we obtain two independent solutions of Heun equation. The solution is as follows.
(I) As λ = 0 (14) is the first kind of independent solution of Heun function for the polynomial as α = −2α j − j and β = −2β j − j only if α j ≤ β j where j, α j , β j = 0, 1, 2, · · · . And (15) is the second kind of independent solution of Heun function for the polynomial as α = −2α j − j − 1 + γ and β = −2β j − j − 1 + γ only if α j ≤ β j where j, α j , β j = 0, 1, 2, · · · .
Infinite series
In Ref. [5] , the general expression of power series of y(x) for infinite series is
Substitute (4a)-(4c) into (16). Then, the general expression of power series of y(x) for infinite series is
. Then, we obtain two independent solutions of Heun equation. The solution is as follows. 8 
(18) is the first kind of independent solution of Heun function for the infinite series. And (19) 9
